Published by Institute of Physics Publishing for SISSA/ISAS Received: May 4, 2004 Accepted: July 2, 2004

Non-abelian field strength bilocal correlator at finite temperature in the model of dilute instanton gas

Nikita O. Agasian and Sergei M. Fedorov

Institute of Theoretical and Experimental Physics 117218, Moscow, B.Cheremushkinskaya 25, Russia E-mail: agasian@heron.itep.ru, fedorov@heron.itep.ru

Abstract: Bilocal correlator in gluodynamics is evaluated at finite temperature in the framework of dilute instanton gas model. It is demonstrated that vacuum correlation length decreases with a growing temperature. Comparison with lattice calculations shows that instanton gas model does not describe real vacuum of gluodynamics. Density of instantons and the structure of nonperturbative vacuum of gluodynamics are discussed.

Keywords: Nonperturbative Effects, Solitons Monopoles and Instantons, QCD.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004007 /jhep072004007 .pdf

Contents

1. Introduction 1

2. Chromoelectric and chromomagnetic correlators 2

3. Calorons’ contribution to the chromomagnetic correlator 3

4. Numerical results 4

5. Discussion 6

1. Introduction

Nonperturbative fields play important role in the vacuum of QCD and gluodynamics, and determine many properties of the theory, in particular, they are responsible for the confinement. At present there does not exist a commonly accepted picture of nonperturbative vacuum. A well developed and successful in the description of many properties of QCD model is the instanton liquid model, suggested by Shuryak [1] and Diakonov and Petrov [2]. The main nonperturbative fields in this model are rather well separated instantons and antiinstantons, their interaction being not very strong (thus the name “liquid”); instanton density is approximately 1 fm^{−4}. This model solves a number of problems in QCD, in particular it naturally leads to spontaneous chiral symmetry breaking and explains the η^′ meson mass. However, there is a number of problems of fundamental importance, which cannot be explained in this model — it remains unclear, how to make such instantonantiinstanton ensemble stable (infrared inflation of instantons), and confinement cannot be explained in the instanton liquid model.

Another model is the model of stochastic vacuum, formulated in the framework of vacuum correlators method, which was developed by Dosch and Simonov [3]. Nonperturbative vacuum of gluodynamics and QCD is parametrized by gauge invariant vacuum averages of gluon field strength tensor — vacuum correlators. Fields are supposed to be stochastic, i.e. the main contribution to different physical quantities comes from the bilocal correlator, while correlators with larger number of fields give only small corrections (the property of gaussian dominance). This model successfully describes many phenomena in QCD (see the review papers [6, 7]). The most important property of this picture of vacuum is that it includes confinement — string tension is expressed through the function D(z^2), which parametrizes bilocal correlator, σ = 0.5 ∫ d^2zD(z^2) [3]. The problem of infrared inflation of instantons is also naturally solved in the stochastic vacuum. First, it was shown in [4]

– 1 – that standard perturbation theory changes in the nonperturbative stochastic vacuum, and contribution of large instantons to physical quantities becomes finite. Next, direct interaction of instanton with nonperturbative vacuum fields was shown [5] to lead to stabilization in instanton size, the average size of instantons being of the order of vacuum correlation length. Distribution of instantons over sizes was found to be in good agreement with lattice data, with a maximum at ρ_c ≃ 0.25 fm.

Fields are not stochastic in the model of instanton liquid, since instantons give significant contributions not only to the bilocal correlator, but to higher correlators as well. This is clear already from the fact that although it is well known that instantons do not explain confinement, bilocal correlator is nonzero in the instanton gas, and it’s contribution to the Wilson loop should be compensated by the contribution of higher correlators [8].

An important property of vacuum is the scaling of string tensions between sources in different representations of color group, which is observed in the lattice calculations [9]. It was shown in [10] that instanton contribution to the force between heavy quarks in different representations violates Casimir scaling, and this leads to a constraint on instanton density.

In the present paper we study instantons’ contribution to the bilocal correlator at finite temperature.^1 We demonstrate that correlation length of bilocal correlator, evaluated on calorons (calorons are instanton-like configurations at finite temperature) in the lowest order in caloron density has significant dependence on temperature. At the same time it is found in the lattice calculations that within errors correlation length for chromomagnetic fields does not depend on the temperature in the whole region between zero and critical temperature T_c [13].

2. Chromoelectric and chromomagnetic correlators

Gauge invariant two-point correlators of field strength tensor in gluodynamics are defined as D_{μρ,νσ} = g^2 ⟨ Tr ( F_{μρ}(x)Φ(x, y)F_{νσ} (y)Φ^†(x, y) )⟩ , (2.1)

where F_{μν} = F^a_{μν} t^a, and

Φ(x, y) = Pexp ( igz^μ ∫_1 0 ds A_μ(y + sz) ) (2.2)

is the parallel transporter along the straight line between points x and y; z = x−y. Bilocal correlator is defined by two independent functions: D_{μρ,νσ} (z) = (δ_{μν} δ_{ρσ} − δ_{μσ}δ_{ρν} ) ( D(z^2) + D_1(z^2) ) + + (z_μz_ν δ_{ρσ} − z_μz_σδ_{ρν} + z_ρz_σδ_{μν} − z_ρz_ν δ_{μσ} )

∂D_1(z^2) ∂z^2 . (2.3)

1Bilocal correlator in the instanton gas at zero temperature was evaluated in [11, 8]. Similar calculations were performed in [12].

– 2 –

At finite temperature (which is defined through periodic or antiperiodic boundary conditions for fields along the time axis ϕ(⃗x, t) = ±ϕ(⃗x, t + β), β = 1/T ) it is natural to consider electric and magnetic correlators separately. They are defined by four independent functions D^E(x^2), D^E_1 (x^2), D^B(x^2) D^B_1 (x^2):

g^2 ⟨ Tr ( E_i(x)Φ(x, y)E_j (y)Φ^†(x, y) )⟩ = δ_{ij} ( D^E + D^E_1 + z^2_4

∂D^E_1 ∂z^2 ) + z_iz_j ∂D^E_1 ∂z^2 , g^2⟨Tr ( B_i(x)Φ(x, y)B_j (y)Φ^†(x, y) ) ⟩ = δ_{ij} ( D^B + D^B_1 + ⃗z^2

∂D^B_1 ∂z^2 ) − z_iz_j ∂D^B_1 ∂z^2 . (2.4)

It is obvious, that if the field is selfdual then D^E_1 = D^B_1 = 0, D^E = D^B (see [8]). Thus it is sufficient to consider chromomagnetic correlator only.

The very fact that for instantons D^E = D^B implies that instantons cannot be the only nonperturbative fields in the vacuum of gluodynamics, because it is known from lattice calculations that chromoelectric and chromomagnetic condensates have different dependences on temperature. In particular, at the deconfinement phase transition temperature chromoelectric condensate abruptly vanishes, while chromomagnetic condensate stays intact [13]. Temperature dependence of chromomagnetic bilocal correlator was found analytically in [14], and it was demonstrated that chromomagnetic condensate grows slowly with increasing temperature up to 2T_c, and grows as ⟨H^2⟩_T ∝ g^8(T )T^4 at higher temperatures; magnetic correlation length was shown to decrease as λ_m(T ) ∝ 1/(g^2(T )T ) at T ≥ 2T_c.

3. Calorons’ contribution to the chromomagnetic correlator

Instanton field with the center at the origin in the singular gauge is given by

A^{a (inst)} μ (x) = − 1 g η̄^a_{μν} ∂_ν ln Π^{(inst)}(x) ,

Π^{(inst)}(x) = 1 + ρ^2 x^2

= 1 + ρ^2 r^2 + τ^2

, (3.1)

where x = (⃗r, τ). This expression is easily generalized to the case of a chain of instantons along the time axis, i.e. caloron [15]:

A^a_μ(x) = − 1 g η̄^a_{μν} ∂_ν ln Π(x) ,

Π(x) = 1 + ∞∑ n=−∞ ρ^2 r^2 + (τ − nβ)^2

= 1 + πρ^2 βr sh(2πr/β) ch(2πr/β) − cos(2πτ/β) , (3.2)

where β = 1/T is the inverse temperature.

– 3 –

Caloron field has the form F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + gε^{abc}A^b_μA^c_ν , gB^a_i = −δ_{ai}g_1(x) + ε_{aij} x_j r g_2(x) + x_ax_i r^2 g_3(x) , E^a_i = B^a_i ,

g_1(x) = 1 r 1 Π ∂Π ∂r + 1 Π ∂^2Π ∂τ^2 − 1 Π^2 ( ∂Π ∂τ )_2 + 1 Π^2 ( ∂Π ∂r )_2 , g_2(x) = − 2 Π^2 ∂Π ∂r ∂Π ∂τ + 1 Π ∂^2Π ∂r∂τ , g_3(x) = 2 Π^2 ( ∂Π ∂r )_2 − 1 Π ∂^2Π ∂r^2 + 1 r 1 Π ∂Π ∂r . (3.3)

Owing to the selfduality of caloron field F_{μν} = F̃_{μν} chromoelectric field is equal to chromomagnetic one.

Next step is the evaluation of the parallel transporter on caloron:

Φ(x, y) = Pexp ( igz^μ ∫_1 0 ds A_μ(y + sz) ) = Pexp ( −iz^μη̄^a_{μν} t^a ∫_1 0 ds ∂_ν ln Π(y + sz) )

= Pexp ( −it^a ∫_1 0 ds [ η̄^a_{ij} z_i∂_j ln Π + η̄^a_{i4}z_i∂_4 ln Π + η̄^a_{4j}z_4∂_j ln Π ]) , z = x − y . (3.4)

For comparison with lattice results we will consider the case z_4 = 0. Then

Φ(x, y) = Pexp ( −it^a ∫_1 0 ds [ η̄^a_{ij} z_i∂_j ln Π + η̄^a_{i4}z_i∂_4 ln Π ] ) . (3.5)

In general one has to evaluate path ordered integral. However there are special cases, when the exponent commutes at different values of s. Obviously, these cases are τ = 0, τ = β/2 and τ = β, since ∂_4 ln Π(r, τ = 0; β/2; β) = 0. Another example is the single instanton field, since ∂_4 ln Π^{(inst)} = τ(1/r)(∂ ln Π^{(inst)}/∂r).

To evaluate the contribution of caloron gas to the two-point correlator in the lowest order in density one has to average single-caloron contribution over it’s position, or, which is the same, to average over y at a given z = x − y.

Averaging over y comes to the integral ∫ d^4y = ∫ d^3⃗y ∫_β 0 dy_4. Averaging over threedimensional vector ⃗y does not make any problems, but the integral over y_4 is not tractable, since correlator can be numerically calculated only when τ = 0, β/2, β. Nevertheless it will be seen from comparison with the single-instanton case that at low temperatures calculations with τ = 0 are sufficient, and at high temperatures correlation lengths for τ = 0 and τ = β/2 cases coincide, which makes averaging trivial.

4. Numerical results

Let us use the equation

g^2⟨Tr ( B_i(x)Φ(x, y)B_j (y)Φ^†(x, y) ) ⟩_{⃗y} = δ_{ij} ( d + d_1 + ⃗z^2 ∂d_1 ∂z^2 ) − z_iz_j ∂d_1 ∂z^2 , (4.1)

– 4 – z (fm)

Figure 1: d^{(inst)}(τ, z^2) at τ = (0, 0.15, 0.3, 0.45, 0.6)fm; ρ = 0.3 fm. Upper line corresponds to τ = 0.

at z_4 = 0 to define the functions d and d_1, which depend on z^2 and y_4 ≡ τ: d = d(τ, z^2); d_1 = d_1(τ, z^2). Averaging over y_4 yields ∫_β 0 dτd(τ, z^2) = D^B(z^2) , ∫_β 0 dτd_1(τ, z^2) = D^B_1 (z^2) = 0 ,

D^B(z^2 = 0) =

4π^2 3 . (4.2)

Last equality follows from the relation g^2 ∫ d^3⃗y ∫_β 0 dy_4 ( F^a_{μν} )_2 = 32π^2 (the field is selfdual, and this integral is proportional to the topological charge ∼ ∫ d^4yF F̃ ).

Let us define correlation length λ_τ as the coefficient in the exponent of the best fit to the function d(τ, z^2): d(τ, z^2) ≃ e^{−|z|/λτ} . (4.3) As discussed above, we will evaluate d(τ = 0, z^2) and d(τ = β/2, z^2) only. However, this information is sufficient to determine the correlation length of the function D^B(z^2). Indeed, by averaging over τ one can find that normalized to 1 functions d(τ = 0, z^2)/d(τ = 0, z^2 = 0) and D^B(z^2)/D^B(z^2 = 0) practically coincide. The fact is that instanton is a well localized field configuration, and it’s field decreases very fast when moving away from it’s center. This is illustrated in the figure 1. It shows function d^{(inst)}(τ, z^2), calculated for the single instanton configuration for several values of τ. Profile of the function D^B(z^2) is determined by the function d(τ = 0, z^2). The same is true for caloron when β ≫ ρ, because in this case instantons forming caloron are well separated. At higher temperatures, when β ≤ 2ρ the functions d(τ = 0, z^2) and d(τ = β/2, z^2) have almost the same correlation length (see figure 2), which makes averaging over τ trivial (it only affects the amplitude of the functions, which can be found from the condition D^B(z^2 = 0) = 4π^2/3).

– 5 – β (fm) λ (fm)

Figure 2: Correlation length of functions d(τ = 0, z^2) and d(τ = β/2, z^2): λ_{τ =0}(β) (solid line) and λ_{τ =β/2}(β) (dashed line); ρ = 0.3 fm.

Taking into account all aforesaid, we can restrict our analysis by the function d(τ = 0, z^2) only. It’s correlation length is close to the correlation length of function D^B(z^2) for all values of β.

Chromomagnetic correlator for τ = 0, β/2, β takes the form

g^2 ⟨ Tr ( B_i(x)Φ(x, y)B_j (y)Φ^†(x, y) )⟩ ⃗y = g^2 ∫ d^3⃗y ( B^a_i (x)U^{ab}(x, y)B^b_j (y) ) , U^{ab}(x, y) = Tr ( t_aΦ(x, y)t_bΦ^†(x, y) )

= 1 2 δ^{ab} cos(2ϕ) − 1 2 ε^{abc}n_c sin(2ϕ) + n_an_b sin^2(ϕ) , n_aϕ = 1 2 η̄^a_{ij}z_iy_j ∫_1 0 ds ( 1 r ∂ ln Π(y + sz) ∂r ) . (4.4)

Correlator defined in (4.4) is presented in figure 3 for several values of β. Corresponding correlation lengths are shown in figure 4.

5. Discussion

Bilocal correlator at finite temperature has been studied on lattice in the paper [13], and it was found that bilocal chromomagnetic correlator practically does not depend on temperature in the whole region from zero to T_c (this dependence is also very weak above critical temperature). At the same time, as it is seen from figure 4, the correlation length in the dilute instanton gas changes by approximately 20% when temperature changes from zero to 300 MeV. Thus, one comes to the conclusion that instanton gas cannot be a correct model for the vacuum of gluodynamics. There are several possible explanations of these lattice data.

– 6 – z (fm)

Figure 3: d(τ = 0, z^2)/d(τ = 0, z^2 = 0) for β = (0.05, 0.1, 0.2, 0.3, 0.5, 0.86, ∞)fm^{−1}; ρ = 0.3 fm. The largest correlation length (upper line) corresponds to zero temperature (β = ∞), i.e. to instantons’ contribution.

T (GeV) λ_{τ =0} (fm)

Figure 4: Correlation length as a function of temperature λ_{τ =0}(T ); ρ = 0.3 fm.

1. Instanton density is much less than 1 fm^{−4}, and the main contribution to the correlator comes from other nonperturbative fields, which are responsible for the confinement. This picture agrees well with the model of stochastic vacuum.

2. Instanton density is high enough to make next terms in density expansion change the result qualitatively, leading to the independent of temperature correlation length.

3. Instanton ensemble is rearranged at nonzero temperature, instantons and antiinstantons form molecules, and the contribution of these instanton-antiinstanton molecules to bilocal correlator is significantly different from that of instanton gas. This binding may be connected to the deconfinement phase transition. For example, this is the case for 3-d adjoint Higgs model, where it was found that in the deconfined phase instantons and antiinstantons are bound into molecules [16]. Formation of instanton-

– 7 – antiinstanton molecules in QCD vacuum and it’s connection to the chiral symmetry restoration phase transition is discussed in review [17].

4. It should be noted, that in the last years a different scenario of the caloron vacuum in the confined phase (T < T_c) is discussed. There exist field configurations with nontrivial holonomy, the so called KvBLL solution [18]. This scenario [19] suggests that calorons may be composites of dyons and antidyons. Lattice calculations, giving numerical evidence for the existence of these field configurations for the cases of SU(2) and SU(3) groups, are presented in papers [20, 21]. Clearly, in the case of this scenario correlation length in the nonperturbative vacuum has a more complicated temperature dependence, than in the case of caloron gas studied in this paper.

In principle, one can consider one possibility more, when instanton size distribution depends on temperature in such a way, that the resulting correlation length does not depend on T . However, this is ruled out by existing lattice calculations, which demonstrate that within errors instanton size distribution stays the same in the temperature region from 0 to T_c [22].

In this paper we have found the contribution of instanton gas to the bilocal correlator at finite temperature. Comparison of the temperature dependence of correlation length with lattice results allows to make the conclusion that if instanton density is not too high and corrections to the dilute gas approximation are not significant, then instanton density should be much less than 1 fm^{−4}, the value standard for instanton liquid model. Vacuum of non-abelian gauge theory at finite temperature is a very complicated system, and it is natural to expect that it can be a combination of the above listed possibilities.

Acknowledgments

Authors are grateful to Yu.A. Simonov for useful comments. This work is supported by NSh-1774.2003.2 grant and by Federal Program of the Russian Ministry of Industry, Science and Technology No 40.052.1.1.1112.

References

[1] E.V. Shuryak, The role of instantons in quantum chromodynamics, 1. Physical vacuum, Nucl.

Phys. B 203 (1982) 93.

[2] D. Diakonov and V.Y. Petrov, Instanton based vacuum from Feynman variational principle, Nucl. Phys. B 245 (1984) 259.

[3] H.G. Dosch, Gluon condensate and effective linear potential, Phys. Lett. B 190 (1987) 177;

H.G. Dosch and Y.A. Simonov, The area law of the Wilson loop and vacuum field correlators, Phys. Lett. B 205 (1988) 339;

Y.A. Simonov, Vacuum background fields in QCD as a source of confinement, Nucl. Phys. B 307 (1988) 512.

[4] N.O. Agasian and Y.A. Simonov, Instantons in the stochastic QCD vacuum, Mod. Phys. Lett.

A 10 (1995) 1755;

– 8 –

N.O. Agasian, Instantons in the nonperturbative confining vacuum, Phys. Atom. Nucl. 59 (1996) 297.

[5] N.O. Agasian and S.M. Fedorov, Instanton IR stabilization in the nonperturbative confining vacuum, J. High Energy Phys. 12 (2001) 019 [hep-ph/0111208];

N.O. Agasian and S.M. Fedorov, Instantons in the nonperturbative QCD vacuum, Phys. Atom. Nucl. 67 (2004) 376 [hep-ph/0209015].

[6] A. Di Giacomo, H.G. Dosch, V.I. Shevchenko and Y.A. Simonov, Field correlators in QCD:

theory and applications, Phys. Rept. 372 (2002) 319 [hep-ph/0007223].

[7] A.I. Shoshi, F.D. Steffen, H.G. Dosch and H.J. Pirner, Confining QCD strings, Casimir scaling, and a euclidean approach to high-energy scattering, Phys. Rev. D 68 (2003) 074004 [hep-ph/0211287].

[8] E.-M. Ilgenfritz, B.V. Martemyanov, S.V. Molodtsov, M. Muller-Preussker and Y.A.

Simonov, Semiclassical approximation for non-abelian field strength correlators in the instanton dilute gas model, Phys. Rev. D 58 (1998) 114508 [hep-ph/9712523].

[9] G.S. Bali, Casimir scaling of SU(3) static potentials, Phys. Rev. D 62 (2000) 114503 [hep-lat/0006022].

[10] V.I. Shevchenko and Y.A. Simonov, Casimir scaling as a test of QCD vacuum, Phys. Rev.

Lett. 85 (2000) 1811 [hep-ph/0001299];

V.I. Shevchenko and Y.A. Simonov, On Casimir scaling in QCD, hep-ph/0104135.

[11] A.E. Dorokhov, S.V. Esaibegian and S.V. Mikhailov, Virtualities of quarks and gluons in QCD vacuum and nonlocal condensates within single instanton approximation, Phys. Rev. D 56 (1997) 4062 [hep-ph/9702417].

[12] A.E. Dorokhov, S.V. Esaibegian, A.E. Maximov and S.V. Mikhailov, Nonlocal gluon condensate within a constrained instanton model, Eur. Phys. J. C 13 (2000) 331 [hep-ph/9903450].

[13] M. D’Elia, A. Di Giacomo and E. Meggiolaro, Gauge-invariant field-strength correlators in pure Yang-Mills and full QCD at finite temperature, Phys. Rev. D 67 (2003) 114504 [hep-lat/0205018].

[14] N.O. Agasian, Thermal gluo-magnetic vacuum of SU(N) gauge theory, Phys. Lett. B 562 (2003) 257 [hep-ph/0303127].

[15] B.J. Harrington and H.K. Shepard, Periodic euclidean solutions and the finite temperature Yang-Mills gas, Phys. Rev. D 17 (1978) 2122.

[16] N.O. Agasian and K. Zarembo, Phase structure and nonperturbative states in three-dimensional adjoint Higgs model, Phys. Rev. D 57 (1998) 2475 [hep-th/9708030].

[17] T. Schafer and E.V. Shuryak, Instantons in QCD, Rev. Mod. Phys. 70 (1998) 323 [hep-ph/9610451].

[18] T.C. Kraan and P. van Baal, Monopole constituents inside SU(N) calorons, Phys. Lett. B 435 (1998) 389 [hep-th/9806034];

K.-M. Lee and C.-h. Lu, SU(2) calorons and magnetic monopoles, Phys. Rev. D 58 (1998) 025011 [hep-th/9802108].

– 9 –

[19] E.-M. Ilgenfritz, B.V. Martemyanov, M. Muller-Preussker, S. Shcheredin and A.I. Veselov, On the topological content of SU(2) gauge fields below t(c), Phys. Rev. D 66 (2002) 074503 [hep-lat/0206004].

[20] E.-M. Ilgenfritz, B.V. Martemyanov, M. Muller-Preussker, S. Shcheredin and A.I. Veselov, Calorons and BPS monopoles with non-trivial holonomy in the confinement phase of SU(2) gluodynamics, Nucl. Phys. 119 (Proc. Suppl.) (2003) 754 [hep-lat/0209081].

[21] C. Gattringer et al., Searching for KVBLL calorons in SU(3) lattice gauge field ensembles, Nucl. Phys. 129 (Proc. Suppl.) (2004) 653 [hep-lat/0309106].

[22] B. Lucini, M. Teper and U. Wenger, Topology of SU(N) gauge theories at T ≈ 0 and T ≈ T_c,

hep-lat/0401028.

– 10 –